We perform an exhaustive search for the minimum 4-regular unit distance graph resulting in a lower bound of 34 vertices.
Introduction
A graph is called a unit distance graph in the plane if there is an embedding of the vertex set into the plane such that every pair of adjacent vertices is at unit distance apart and the edges are non-crossing. Recognizing whether a given graph is a unit distance graph in the plane is NPhard, see [1] . In a companion paper [5] we haven given several necessary and computationally cheap criteria. Here we consider the following geometric puzzle [3] : What is the minimum number of vertices of a planar unit distance graph where each vertex has degree r?
Due to the Eulerian polyhedron formula for finite graphs only r ≤ 5 is possible. For r = 1, 2 the minimal examples are a single vertex and a triangle, respectively. The case r = 3 is an entertaining amusement resulting in a minimum number of 8 vertices. For r = 4 the smallest known example is the so-called Harborth graph consisting of 52 vertices, which has not been improved for more than twenty years. A vertex-degree of r = 5 is not possible for a planar unit distance graph, as was recently proven in [7] .
We will verify that for r = 4 at least 34 vertices are necessary. To that end in [5] the computer program plantri was utilized to generate the 3-connected planar 4-regular graphs, where a graph G is called kconnected if the graph remains connected when you delete fewer than k vertices from the graph, and to show that up to 33 vertices none of them is a unit distance graph in the plane.
r-regular matchstick graphs
The planar 4-regular unit distance graph with the minimum number of vertices is obviously 1-connected, so that we consider possible subgraphs:
Definition 1 An (incomplete) r-regular matchstick graph M consists of a connected planar graph G = (V, E) and a straight-line embedding in the plane such that all edges have length 1 and are non-intersecting. Additionally the nodes on the outer face of M all have degree at most r and all other nodes have degree exactly r.
Definition 2
We abbreviate the number |V | of vertices by n(M) and by K(M) we denote the set of vertices which is situated on the outer face of M. The set of the remaining vertices is denoted by I(M). Whenever it is clear from the context which matchstick graph M is meant we only write n, K, I, k, τ , A i . Using |V | − |E| + |F | = 2 we get:
We remark that the parameter τ must be an even integer. Thus a 4-regular matchstick graph cannot contain a bridge. In the following lemma we will show that a complete, i. e. τ = 0, 4-regular matchstick graph which is not 3-connected must contain some 4-regular matchstick graphs with τ ≤ 4 as subgraphs. Let M τ denote a 4-regular matchstick graph with given τ , minimum degree 2, and the minimum number of vertices. For τ ≥ 6 we have n (M τ ) = vertices. Since deleting an edge of the outer face decreases τ by two, we have
PROOF. Deleting a vertex of degree 1 in a 4-regular matchstick graph decreases τ by two. Thus M can not contain a vertex of degree 1 and M can contain at most one vertex of degree 1.
Lemma 5 If M is a complete 4-regular matchstick graph which is not 3-connected, then we have
PROOF. If deleting a vertex x from M results in s matchstick graphs
In this case only
In the remaining part of the proof we assume that M is 2-connected. Let {x, y} be an edge in M. If deleting vertices x and v from M results in τ (C i ) − 8, using the notation from above. If s ≥ 2 then at least two C i have a τ equal to 2, so that the proposed inequality is true. For s = 2 only τ (C i ) = 4, where no C i consists of a single vertex, or {τ (C 1 ) , τ (C 2 )} = {2, 6} are possible. In the latter case we consider the neighbors x and y of x and y in the connectivity component with τ = 2. Deleting the edges {x, x } and {y, y } from M results in two graphs C 1 , C 2 with τ (C i ) = 2.
Analogously we can prove:
Lemma 6 The 4-regular matchstick graphs M 2 and M 4 are 2-connected.
For the determination of lower bounds for n (M 2 ) and n (M 4 ) we have a special but effective exclusion criterion:
Lemma 7 Let M be a 4-regular matchstick graph with τ (M) ∈ {2, 4}. If M contains a vertex of degree 2 on the outer face which is adjacent to an inner triangle, then n(M) > n M τ (M) .
PROOF. Consider the matchstick graph arising from M after deleting vertex v. Some necessary criteria for matchstick graphs are stated in [5] .
A 2i+1 + 2 · # disjoint configurations as in Figure 1 Combining Lemma 8 and Lemma 3 yields:
Corollary 9 For a 4-regular matchstick graph M with |I| > 0 we have
3 Lower bounds on n (M τ ) for τ ≤ 4
If τ < 6 then M is either a single vertex or contains inner vertices.
Lemma 10 Let M be a 4-regular matchstick graph, then we have the following bounds on its parameters
≥ 17, n ≥ 16 for τ = 0,
≥ 13, n ≥ 13 for τ = 2,
≥ 10, n ≥ 11 for τ = 4.
PROOF. The case that M equals a single vertex is only possible for τ = 4.
Otherwise we have k ≥ 3 and M contains at least one inner vertex. From Corollary 9 and Lemma 8 we deduce the bounds k ≥ 10 for τ = 0, k ≥ 9 for τ = 2, and k ≥ 8 for τ = 4. In an extra consideration we conclude a contradiction from τ = 0, k = 10 so that we have k ≥ 11 in this case. Inserting this into Inequality (2) and Corollary 9 yields the remaining bounds. Let us assume τ (M) = 0 and k(M) = 10. Due to Corollary 9, Equation (1), and the area argument we have the following possible nonzero values for the A i :
(1) A 3 = 14, A 4 = t ∈ N, A 10 = 1, Due to an angle sum of (10−2)π at most 3·10−7 = 23 of the inner angles of the outer face can be part of triangles. In a similar manner we conclude that at most 3s − 3 outer angles of an inner s-gon can be part of triangles. Since 15·3−23−(3·5−3) = 10 > 0 and 16·3−23−(3·6−3) = 10 > 0 one of the configurations of Figure 1 must exist in cases (2) and (3), which is a contradiction to the area argument.
The number of outer and inner angles of one of the configurations in Figure 1 , which can be part of triangles, is at most 15. Thus we can conclude from 14 · 3 − 23 − 1 · 15 = 4 > 0 that in case (1) at least two subgraphs as in Figure 1 must exist, which contradicts the area argument. To obtain sharper lower bounds for n (M 2 ) and n (M 4 ) we designed a recursive algorithm to exhaustively generate 4-regular matchstick graphs. Starting from a triangle in each iteration a face is added. Those planar graphs which do not pass the necessary criteria from [5] or Lemma 7 are removed. For n ≤ 16 there only remain the five planar graphs from Figures 2, 3, and 4 . PROOF. If we determine the (up to symmetries) unique coordinates of the planar graph without the dotted edge on the left hand side in Figure 2 , then the distance between vertices x and y is not equal to 1. In the graph given by the filled circles on the right hand side of Figure 2 we can determine unique coordinates and conclude that the distance between the vertices x and y is not equal to 2.
If we determine the unique coordinates of the two planar graphs without the dotted edge in Figure 3 , then in both case the distance between vertex x and y is not equal to 1.
By considering the angles in the planar graph of Figure 3 we deduce
. With these two angles the squared distance between vertices x and y is given by 4 − 4
. The minimum distance, which equals 1, is attained for α = 0 and β = 0. 
With the unit distance graph in Figure 5 we have 17 ≤ n (M 4 ) ≤ 20. Maybe the determination of n (M 4 ) and n (M 2 ) is an interesting problem of its own.
If n (M 0 ) < 34 then M 0 has to be 3-connected due to Lemma 5. This possibility is excluded by [5] so that we can conclude:
Theorem 13 If M is a 4-regular matchstick graph with τ = 0, then it has at least 34 vertices. 4 Complete classification of 4-regular matchstick graphs for small k Another source of candidates for planar unit distance graphs arises if one tries to classify all 4-regular matchstick graphs M with small cardinality k(M) of its outer face. Using the described methods it is not too hard to classify these graphs for k ≤ 6.
Lemma 14
The complete list of 4-regular matchstick graphs with k ∈ {3, 4} is given by
Extending these results requires quite some effort. During his diploma thesis [4] Achim Hildenbrandt was able to prove:
Lemma 17 Up to symmetry there are exactly 34 two-connected 4-regular matchstick graphs with k = 7. All of them contain at most two inner vertices.
Here a combinatorial question arises: What is the maximum number f 4 (k) of inner vertices of a 4-regular matchstick graphs with given cardinality k of its outer face? In this context we would like to remark that the corresponding number f 3 (k) for 3-regular matchstick graphs is unbounded for k ≥ 6 [6] .
Definition 18 Let M be a 4-regular matchstick graph. Let Q be the graph arising from M, where the vertices correspond to the quadrangles from M. Two vertices are connected by an edge iff the corresponding quadrangles have a face in common. A quadrangle component of M is given by the inverse map of the connected components of Q.
Lemma 19 A quadrangle component Q consisting ofuadrangles has an outer face consisting of at least 2 2 √ q edges and vertices.
PROOF. The proof in [2] also works for quadrangle components.
Lemma 20 Let M be a 4-regular matchstick graph with k ≥ 5, where the quadrangle components consist of q 1 , . . . , q s quadrangles, then we
PROOF. Every vertex v on the outer face of a quadrangle component can be part of at most two quadrangle components. In case of equality vertex v is adjacent to two non-quadrangular faces. In the other case v is adjacent to at least one non-quadrangular face. . Combining this with Lemma 8 we obtain
. Subtracting (1) yields
Adding the last two inequalities and multilying by three results in
From Lemma 20 we deduce 2k 2 ≥ 3A 3 + from Lemma 3 and using τ ≤ 2k yields the proposed inequality.
